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Abstract
This paper investigates regularity of solutions of the Boltzmann equation with dissipative collisions in a
thermal bath. In the case of pseudo-Maxwellian approximation, we prove that for any initial datum f0(ξ)
in the set of probability density with zero bulk velocity and finite temperature, the unique solution of the
equation satisfies f (ξ, t) ∈ H∞(R3) for all t > 0. Furthermore, for any t0 > 0 and s  0 the Hs norm of
f (ξ, t) is bounded for t  t0. As a consequence, the exponential convergence to the unique steady state is
also established under the same initial condition.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
In recent years a significant interest has been focused on the study of kinetic theory for granu-
lar gases. Many research papers on the mathematical aspects of this theory have been published,
e.g., [1–5,7–9,11]. However, there are still many problems that remain unsolved. In this paper,
we discuss the regularizing properties and the long-time behavior of the spatially homogeneous
Boltzmann equation with inelastic interactions in a thermal bath. Let f (ξ, t) be the velocity
(ξ ∈ R3) distribution function of molecules of a spatially homogeneous granular gas at time
E-mail address: xwzhang@public.wh.hb.cn.0022-247X/$ – see front matter © 2005 Elsevier Inc. All rights reserved.
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X. Zhang / J. Math. Anal. Appl. 324 (2006) 650–662 651t  0. Let ρ(t), u(t) and θ(t) be the mass, bulk velocity and the temperature of the gas at time t ,
i.e., (
ρ(t)
ρ(t)u(t)
3ρ(t)θ(t)
)
=
∫
R3
f (ξ, t)
( 1
ξ
|ξ − u(t)|2
)
dξ.
In the case of pseudo-Maxwellian approximation and presence of a thermal bath, the evolution
of the gas is governed by the following Boltzmann type equation [3–5,7]:
∂f
∂t
= Fθp(t)ξf (ξ, t)+B
√
θ(t)Q(f,f ), f (ξ,0) = f0(ξ). (1.1)
Where the first term in the right-hand side of (1.1), which is temperature dependent [3], describes
the interaction of particles of the gas with the thermal bath. In Eq. (1.1), Q(f,f ) is the collision
operator modelling the effects of inelastic binary impacts between particles, which is a pseudo-
Maxwellian approximation to the true Boltzmann collision operator for inelastic hard spheres.
We refer the readers to [4] for details of the definition of the collision operator, which in the
strong form is expressed by
Q(f,f )(ξ) = Q+(f,f )(ξ)−Q−(f,f )(ξ)
= 1
4π
∫
R3×S2
[
f (ξ∗)f (ζ∗)J − f (ξ)f (ζ )
]
dζ dn,
where ξ and ζ are the post-collisional velocities which are related to the pre-collisional velocities
ξ∗ and ζ∗ by the collision mechanism:⎧⎪⎨⎪⎩
ξ∗ = 12 (ξ + ζ )− 1−e4e (ξ − ζ )+ 1+e4e |ξ − ζ |n,
ζ∗ = 12 (ξ + ζ )+ 1−e4e (ξ − ζ )− 1+e4e |ξ − ζ |n,
n ∈ S2 = {n ∈ R3: |n| = 1},
in which e ∈ (0,1) is the restitution coefficient, and where J is the Jacobian of the transformation
(ξ, ζ ) → (ξ∗, ζ∗). The physical parameters p,B and F in (1.1) are positive constants satisfying
0 p < 32 .
As described in [3–5,7], Eq. (1.1) is a good approximation to the true kinetic equation mod-
elling the evolution of a granular gas in a thermal bath and is quite simpler in structure than the
original equation. So it is much easier to treat (e.g., many mathematical tools, such as Fourier
method, can be used). In this paper we only use the weak form of the collision operator, which
reads [4,5]〈
Q(f,f ),ψ
〉=: ∫
R3
Q(f,f )(ξ)ψ(ξ) dξ
= 1
4π
∫
R3×R3×S2
f (ξ)f (ζ )
(
ψ(ξ ′)−ψ(ξ))dξ dζ dn, (1.2)
or 〈
Q(f,f ),ψ
〉= 1
8π
∫
3 3 2
f (ξ)f (ζ )
(
ψ(ζ ′)+ψ(ξ ′)−ψ(ζ )−ψ(ξ))dξ dζ dn (1.3)R ×R ×S
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collisional velocities ξ and ζ and can be computed as follows:⎧⎪⎨⎪⎩
ξ ′ = 12 (ξ + ζ )+ 1−e4 (ξ − ζ )+ 1+e4 |ξ − ζ |n,
ζ ′ = 12 (ξ + ζ )− 1−e4 (ξ − ζ )− 1+e4 |ξ − ζ |n,
n ∈ S2 = {n ∈ R3: |n| = 1}.
The above collision mechanism readily implies that
ξ ′ + ζ ′ = ξ + ζ (conservation of momentum),
|ξ ′|2 + |ζ ′|2 = |ξ |2 + |ζ |2 − 1 − e
2
4
|ξ − ζ |[|ξ − ζ | − (ξ − ζ ) · n] (dissipation of energy).
So, we obtain from (1.3) that〈
Q(f,f ),1
〉= 〈Q(f,f ), ξ 〉= 0, (1.4)
and 〈
Q(f,f ), |ξ |2〉= −1 − e2
8
∫
R3×R3
f (ξ)f (ζ )|ξ − ζ |2 dξ dζ. (1.5)
Inserting ψ = exp(−iξ · k)(k ∈ R3) into (1.2), we obtain the Fourier transformed version of
Eq. (1.1) (e.g., [3,5]):
∂fˆ
∂t
= −Fθp(t)|k|2fˆ (k, t)+B√θ(t)J (fˆ , fˆ ), (1.6)
where
J (fˆ , gˆ)(k) = J+(fˆ , gˆ)(k)− J−(fˆ , gˆ)(k) =F
[
Q+(f, g)
]−F[Q−(f, g)]
and
J+(fˆ , gˆ)(k) = 14π
∫
S2
fˆ
(
(1 − λ)k + λ|k|n)gˆ(λ(k − |k|n))dn,
J−(fˆ , gˆ)(k) = fˆ (0)gˆ(k), λ = 1 + e4 .
Multiplying both sides of (1.1) by 1 and ξ respectively, and integrating it against velocity
variable ξ , we obtain by (1.4) that any positive solution of (1.1) conserves the mass and the
bulk velocity, that is to say that ρ(t) = ρ(0) and u(t) = u(0) for all t > 0. So without loss of
generality, we may assume that ρ(t) = 1, u(t) = 0, that is to say that f (ξ, t) is a probability
density with zero expectation for any t  0. In this case, multiplying both sides of (1.1) by |ξ |2
and then integrating it against ξ , we know from (1.5) that the temperature satisfies
dθ(t)
dt
= −1 − e
2
4
Bθ
3
2 (t)+ 2Fθp(t), θ(0) = θ(f0) =: θ0.
It has a unique equilibrium:
θ∞ =
(
8F
2
) 2
3−2p
,
B(1 − e )
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θ = min{θ0, θ∞} θ(t)max{θ0, θ∞} = θ.
For details concerning the above calculations, we refer the readers to [3–5].
Since fˆ (0, t) = ρ(t) = 1 for any t  0, Eq. (1.6) becomes
∂fˆ
∂t
+ [Bθ 12 (t)+ Fθp(t)|k|2]fˆ (k, t) = B√θ(t)J+(fˆ , fˆ ).
Integrating it against t , we obtain
fˆ (k, t) = Gt0(k)fˆ0(k)+
t∫
0
B
√
θ(s)Gts(k)J+(fˆ , fˆ )(k, s) ds, (1.7)
where
Gts(k) = exp
{
−
t∫
s
[
B
√
θ(τ )+ Fθp(τ)|k|2
]
dτ
}
.
In the following, we summarize some of the mathematical results concerning Eq. (1.1), which
are related to our present work.
Proposition 1.1.
(1) There exists a unique steady state f∞ in the set of probability densities with zero bulk velocity
and temperature θ∞. Furthermore, f∞ ∈ H∞(R3) and is fast decreasing at infinity.
(2) For any initial datum f0(ξ) in the set of probability density with zero bulk velocity and finite
temperature, (1.1) has a unique solution f (ξ, t). Moreover, there exist positive constants
C1,C2,C3 and γ0 = e2+34 < 1 such that
d2
(
fˆ (t), fˆ∞
)
 d2(fˆ0, fˆ∞) exp
(−(1 − γ0)C1t)+C2 exp(−C3t), t  0.
(3) If also f0 ∈ Hs(R3), then there exists a positive constant Cs such that∥∥f (t)∥∥
Hs
max
{‖f0‖Hs ,Cs}, t  0.
(4) Let  ∈ (0,1) be given, then there exists a positive number s = s() such that when f0 ∈
Hs ∩L12s(R3), it holds∥∥f (t)− f∞∥∥L1  C exp(−(1 − )δt), t  0.
Here, δ = max{(1 − γ0)C1,C3} and C can be explicitly computed in term of ‖f0‖Hs and
‖f0‖L12s .
In the above proposition, the d2 distance is used, which is defined by
d2(f, g) = sup
k∈Rn
|fˆ (k)− gˆ(k)|
|k|2
for two probability densities f and g with the same expectation. An extensive study on the
probability metrics dr(·,·) (r  2) can be found in [6,10,12].
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Schauder’s fixed point theorem in [9] and by moment methods in [5], see also [7]. General exis-
tence, uniqueness, smoothness and decaying properties at infinity of steady states were recently
proved in [3] by probability metrics d2(f, g). Parts (2)–(4) of Proposition 1.1 were also obtained
in [3].
The last two parts of the proposition do not seem to be optimal since (1.1) can be viewed as
a non-local parabolic equation. The first aim of this paper is to establish regularizing property
of (1.1). Under the sole assumption that the initial data belong to probability density space with
finite second moments, we prove the smoothness of the solutions for t > 0 and give the blow-up
rate of their Sobolev norms as t ↓ 0. With this property and known interpolation methods [6], we
obtain a similar asymptotic behavior as in Proposition 1.1(4). Precisely, we have the following
results:
Theorem 1.2.
(1) For any initial datum f0(ξ) in the set of probability density with zero bulk velocity and
finite temperature, the unique solution of (1.1) satisfies f (ξ, t) ∈ H∞(R3) for all t > 0.
Furthermore, for any t0 > 0 and s  0 there is a positive constant Ct0(s) such that∥∥f (t)∥∥
Hs
max
{
Ct0(s),
∥∥f (t0)∥∥Hs}, t  t0,
and
lim sup
t↓0
t
2s+3
4
∥∥f (·, t)∥∥
Hs
< ∞,
(2) For any s  0 and r ∈ (0,1),
lim
t→∞ exp
(
(1 − r)σ t)∥∥f (t)− f∞∥∥Hs(R3) = 0,
and
lim
t→∞ exp
(
(1 − r)σ1t
)∥∥f (t)− f∞∥∥L1(R3) = 0.
Here, σ = min{(1 − γ0)C1,C3} and σ1 = (4/7)σ .
This paper is organized as follows. In Section 2, we prove that the collision operator Q(·,·) is
bounded from [L1(R3)∩Hs(R3)] × [L1(R3)∩Hs(R3)] to L1(R3)∩Hs(R3). As a byproduct,
we give another short proof of the smoothness of the steady state f∞. Section 3 is devoted to
part (1) of Theorem 1.2. The long time behavior will be established in the last section.
2. Smoothness of the collision operator
The following result is crucial for the proof of smoothness.
Proposition 2.1. Let s  0 and f,g ∈ L1(R3) ∩ Hs(R3), then Q±(f, g) ∈ L1(R3) ∩ Hs(R3).
Furthermore,∥∥Q−(f, g)∥∥Hs  ‖f ‖L1‖g‖Hs , ∥∥Q+(f, g)∥∥Hs  C(e, s)‖g‖L1‖f ‖Hs ,
where C(e, s) = 2 ( 1 )2s+1.3 1−2λ
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‖Q−(f, g)‖Hs  ‖f ‖L1‖g‖Hs . For the gain term, we invoke the following transformation:
S2 → S2+: n =
k
|k| −
2
|k| (k,ω)ω, dn =
4
|k| (k,ω)dω,
ω ∈ S2+ =
{
ω ∈ R3: |ω| = 1, (k,ω) 0}.
Then
J+(f, g)(k) = 1
π
∫
S2+
fˆ
(
k − 2λ(k,ω)ω)gˆ(2λ(k,ω)ω) 1|k| (k,ω)dω. (2.1)
Using Hölder inequality and denoting k|k| by k0, we obtain from (2.1)∣∣J+(f, g)(k)∣∣2  1
π2
( ∫
S2+
∣∣fˆ (k − 2λ(k,ω)ω)∣∣2 dω)
×
( ∫
S2+
∣∣gˆ(2λ(k,ω)ω)∣∣2∣∣(k0,ω)∣∣2 dω)
 2
3π
‖gˆ‖2L∞
( ∫
S2+
∣∣fˆ (k − 2λ(k, ω)ω)∣∣2 dω).
Multiplying both sides of the above inequality by (1 + |k|2)s and then integrating against k, we
get ∫
R3
(
1 + |k|2)s∣∣J+(f, g)(k)∣∣2 dk
 2
3π
‖gˆ‖2L∞
∫
R3
∫
S2+
(
1 + |k|2)s∣∣fˆ (k − 2λ(k,ω)ω)∣∣2 dωdk.
The change of integral variable k → η = k − 2λ(k,ω)ω has Jacobian 1 − 2λ > 0 and satisfies
(η, ω) = (1 − 2λ)(k,ω) 0, so we have∫
R3
(
1 + |k|2)s∣∣J+(f, g)(k)∣∣2 dk
= 2
3(1 − 2λ)π ‖gˆ‖
2
L∞
∫
R3
dη
∫
S2+
(
1 +
∣∣∣∣η + 2λ1 − 2λ(η,ω)ω
∣∣∣∣2)s∣∣fˆ (η)∣∣2 dω
 2
3(1 − 2λ)π ‖gˆ‖
2
L∞
∫
R3
dη
∫
S2+
(
1 + |η|
2
(1 − 2λ)2
)s∣∣fˆ (η)∣∣2 dω
 2
3
(
1
1 − 2λ
)2s+1
‖gˆ‖2L∞
∫
3
(
1 + |η|2)s∣∣fˆ (η)∣∣2 dηR
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3
(
1
1 − 2λ
)2s+1
‖g‖2
L1‖f ‖2Hs < ∞.
Hence, Q+(f, g)(ξ) ∈ Hs(R3) and ‖Q+(f, g)‖Hs C(e, s)‖g‖L1‖f ‖Hs . When f,g ∈ L1(R3),
it is obvious that Q(f,g)(ξ) ∈ L1(R3). 
As a byproduct of this proposition, we give a short proof of the smoothness of the steady
states.
Corollary 2.2. Let f (ξ) ∈ L1(R3) be any steady state of Eq. (1.1) in the distributional sense,
then f (ξ) ∈ H∞(R3).
Proof. If f (ξ) ∈ L1(R3) is a steady state of (1.1), then f (ξ) = −εQ(f,f )(ξ) ∈ L1(R3),
where ε = B
F
θ
1
2 −p
. Let E(ξ) be the fundamental solution of the Laplacian , then E(ξ) ∈
C∞(R3 \ {0}) and E(ξ) = δ(ξ). Let φ(ξ) ∈ C∞c (R3) satisfying 0  φ  1 and φ = 1 for
|ξ | < 1, then

(
φ(ξ)E(ξ)
)= δ(ξ)+ψ(ξ), (2.2)
where ψ(ξ) = −E(ξ)φ(ξ) + 2∇ · (E(ξ)∇φ(ξ)) ∈ C∞c (R3) and ψ(ξ) = 0 for |ξ | < 1. Since
all distributions in (2.2) are compact supported, we have
f (ξ) = (δ  f )(ξ) = (φE)  (f )(ξ)− (ψ  f )(ξ). (2.3)
Since φE ∈ Lq(R3) for 1 q < 3, it follows from the assumption, Young’s inequality and (2.3)
that f (ξ) ∈ L2(R3). Hence Q(f,f )(ξ) ∈ L2(R3) by Proposition 2.1. We have already shown
f (ξ),f (ξ) ∈ L2(R3),
i.e., f (ξ) ∈ H 2(R3). Using Proposition 2.1 once again, we obtain
f (ξ) = −εQ(f,f )(ξ) ∈ H 2(R3). (2.4)
The Fourier transformed version of the above equation is(
1 + |k|2)fˆ (k) = fˆ (k)+ ε[FQ(f,f )](k). (2.5)
From (2.4) and (2.5), we know that f (ξ) ∈ H 4(R3). Repeating the above procedure, we obtain
that f (ξ) ∈ H∞(R3). 
3. Regularity of the Boltzmann equation
In this section, we show regularity of the solution to (1.1), i.e., we prove the first part of
Theorem 1.2. First, we notice that∣∣Gts(k)∣∣2  exp{−2[Bθ 12 + Fθp|k|2](t − s)}.
Lemma 3.1. Let f (ξ, t) be any solution of Eq. (1.1), then there are positive constants Ci
(i = 1,2) depending only upon B,F, θ and θ such that∥∥f (·, t)∥∥
L2 C1 exp
(−Bθ 12 t)t− 34 ‖f0‖L1 +C2‖f0‖2L1, t > 0.
X. Zhang / J. Math. Anal. Appl. 324 (2006) 650–662 657Proof. From (1.7) we get for t > 0,
∥∥fˆ (·, t)∥∥
L2 
∥∥Gt0(k)fˆ0∥∥L2 +
t∫
0
B
√
θ(s)
∥∥Gts(k)J+(fˆ , fˆ )(k, s)∥∥L2 ds. (3.1)
Obviously, we have ‖fˆ0‖L∞  ‖f0‖L1 and ‖J+(fˆ , fˆ )(k, s)‖L∞  ‖f (s)‖2L1 = ‖f0‖2L1 . Inserting
these inequalities into (3.1), we obtain
∥∥fˆ (·, t)∥∥
L2 
∥∥Gt0(k)∥∥L2‖f0‖L1 +B√θ‖f0‖2L1
t∫
0
∥∥Gts(k)∥∥L2 ds. (3.2)
Since ∥∥Gts(k)∥∥L2 
√
2π exp(−B√θ(t − s))
[2Fθp(t − s)]3/4 Γ
1/2
(
3
2
)
= C1 exp
(−B√θ(t − s))(t − s)−3/4,
and
t∫
0
∥∥Gts(k)∥∥L2 ds 
t∫
0
C1 exp
(−B√θ(t − s))(t − s)−3/4 ds C1(Bθ )− 14 Γ(14
)
,
we obtain by (3.2),∥∥f (·, t)∥∥
L2  C1 exp
(−Bθ 12 t)t− 34 ‖f0‖L1 +C1B√θ(Bθ )− 14 Γ(14
)
‖f0‖2L1, t > 0.
Setting C2 = C1B
√
θ(Bθ)− 14 Γ ( 14 ), we arrive at the desired result. 
Lemma 3.2. For 0 r < 1 and t > 0,∥∥f (·, t)∥∥2
Hr
 C3 exp
(−2Bθ 12 t)t− 2r+32 ‖f0‖2L1
+C4 exp
(−Bθ 12 t)t− 2r+12 ‖f0‖4L1
+C5
t∫
t
2
∥∥Q+(f,f )(·, s)∥∥2L2 ds, (3.3)
and for r  1 and t > 0∥∥f (·, t)∥∥2
Hr
 C3 exp
(−2Bθ 12 t)t− 2r+32 ‖f0‖2L1
+C4 exp
(−Bθ 12 t)t− 2r+12 ‖f0‖4L1
+C5
t∫
t
2
∥∥Q+(f,f )(·, s)∥∥2Hr−1 ds. (3.4)
Here, Ci (i = 3,4,5) are positive constants depending only upon r,B,F, θ and θ .
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t
2∫
0
∣∣Gts(k)∣∣2 ds  exp{−[Bθ 12 + Fθp|k|2]t}
2[Bθ 12 + Fθp|k|2]
,
t∫
t
2
∣∣Gts(k)∣∣2 ds  1 − exp{−[Bθ 12 + Fθp|k|2]t}
2[Bθ 12 + Fθp|k|2]
 1
2[Bθ 12 + Fθp|k|2]
.
On the other hand, we have
∣∣fˆ (k, t)∣∣2  2∣∣Gt0(k)∣∣2‖f0‖2L1 + 2
( t∫
0
B
√
θ(s)Gts(k)J+(fˆ , fˆ )(k, s) ds
)2
 2
∣∣Gt0(k)∣∣2‖f0‖2L1 + 4
( t2∫
0
B
√
θ(s)Gts(k)J+(fˆ , fˆ )(k, s) ds
)2
+ 4
( t∫
t
2
B
√
θ(s)Gts(k)J+(fˆ , fˆ )(k, s) ds
)2
 2
∣∣Gt0(k)∣∣2‖f0‖2L1 + 2tB2θ‖f0‖4L1
t
2∫
0
∣∣Gts(k)∣∣2 ds
+ 4B2θ
( t∫
t
2
∣∣Gts(k)∣∣2 ds
)( t∫
t
2
∣∣J+(fˆ , fˆ )(k, s)∣∣2 ds
)
.
Consequently,
∣∣fˆ (k, t)∣∣2  2∣∣Gt0(k)∣∣2‖f0‖2L1 + tB2θ‖f0‖4L1 exp{−[Bθ 12 + Fθp|k|2]t}[Bθ 12 + Fθp|k|2]
+ 2B
2θ
[Bθ 12 + Fθp|k|2]
( t∫
t
2
∣∣J+(fˆ , fˆ )(k, s)∣∣2 ds
)
.
For any r  0,∫
R3
|k|2r ∣∣fˆ (k, t)∣∣2 dk  4π‖f0‖2L1 exp(−2Bθ 12 t)( 12Fθpt
) 2r+3
2
Γ
(
2r + 3
2
)
+ 2πtBθ 12 ‖f0‖4L1 exp
(−Bθ 12 t)( 1
p
) 2r+3
2
Γ
(
2r + 3)Fθ t 2
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∫
R3
2B2θ |k|2r
Bθ
1
2 + Fθp|k|2
dk
t∫
t
2
∣∣J+(fˆ , fˆ )(k, s)∣∣2 ds.
Hence, for 0 r < 1 and t > 0,
∥∥f (·, t)∥∥2
Hr
 C3 exp
(−2Bθ 12 t)(1
t
) 2r+3
2 ‖f0‖2L1
+C4 exp
(−Bθ 12 t)(1
t
) 2r+1
2 ‖f0‖4L1 +C5
t∫
t
2
∥∥Q+(f,f )(·, s)∥∥2L2 ds,
and for r  1 and t > 0,
∥∥f (·, t)∥∥2
Hr
 C3 exp
(−2Bθ 12 t)(1
t
) 2r+3
2 ‖f0‖2L1
+C4 exp
(−Bθ 12 t)(1
t
) 2r+1
2 ‖f0‖4L1 +C5
t∫
t
2
∥∥Q+(f,f )(·, s)∥∥2Hr−1 ds,
where Ci (i = 3,4,5) are positive constants depending only upon r,B,F, θ and θ . 
Proposition 3.3. For any initial datum f0(ξ) in the set of probability density with zero bulk
velocity and finite temperature, the unique solution of (1.1) satisfies f (ξ, t) ∈ H∞(R3) for all
t > 0. Further, for any t0 > 0 and r  0 there is a positive constant Ct0(r) such that∥∥f (t)∥∥
Hr
max
{
Ct0(r),
∥∥f (t0)∥∥Hr }, t  t0, (3.5)
and
lim sup
t↓0
t
2r+3
4
∥∥f (·, t)∥∥
Hr
< ∞. (3.6)
Proof. In the following, for the sake of simplicity all positive constants are denoted by C, all of
which depend on r,B,F, θ and θ .
From Lemma 3.1 and Proposition 2.1, we know that f (ξ, t) ∈ L2 and Q+(f,f )(ξ, t) ∈ L2
for all t > 0. Furthermore, thanks to ‖f (t)‖L1 = ‖f0‖L1 = 1 we have∥∥f (·, t)∥∥
L2  C
[
exp
(−Bθ 12 t)t− 34 + 1], t > 0, (3.7)∥∥Q+(f,f )(·, t)∥∥L2  C[exp(−Bθ 12 t)t− 34 + 1], t > 0. (3.8)
If 0 < r < 1, then it follows from (3.3) that for t > 0,∥∥f (·, t)∥∥2
Hr
 C exp
(−2Bθ 12 t)t− 2r+32
+C exp(−Bθ 12 t)t− 2r+12 +C t∫
t
2
∥∥Q+(f,f )(·, s)∥∥2L2 ds
 C exp
(−2Bθ 12 t)t− 2r+32 +C exp(−Bθ 12 t)t− 2r+12
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t∫
t
2
[
exp
(−Bθ 12 t)t− 34 + 1]2 ds < ∞.
Hence, f (ξ, t) ∈ Hr for all t > 0. If r  1, using the above procedure combined with (3.4) and
iterating [r] times from r to r − [r], we also obtain that f (ξ, t) ∈ Hr for all t > 0. So, we have
already proved that f (ξ, t) ∈ H∞ for all t > 0. Obviously, (3.5) follows from the uniqueness of
(1.1) and Proposition 1.1(3).
It follows from (3.7), (3.8) and Lemma 3.2 that for any 0 r  1 and t > 0 we have∥∥f (·, t)∥∥2
Hr
 C exp
(−2Bθ 12 t)t− 2r+32 +C exp(−Bθ 12 t)t− 2r+12
+C
t∫
t
2
[
exp
(−Bθ 12 t)t− 34 + 1]2 ds.
So (3.6) is valid for 0 r  1. In order to complete the proof, it is sufficient to show (3.6) given
it is true for r − 1 0. By Lemma 3.2, we have∥∥f (·, t)∥∥2
Hr
 C3 exp
(−2Bθ 12 t)t− 2r+32
+C4 exp
(−Bθ 12 t)t− 2r+12 +C5 t∫
t
2
∥∥Q+(f,f )(·, s)∥∥2Hr−1 ds
 C3 exp
(−2Bθ 12 t)t− 2r+32 +C4 exp(−Bθ 12 t)t− 2r+12
+CC5
t∫
t
2
∥∥f (·, s)∥∥2
Hr−1 ds.
Hence,
t
2r+3
2
∥∥f (·, t)∥∥2
Hr
C3 exp
(−2Bθ 12 t)
+C4 exp
(−Bθ 12 t)t +CC5t 2r+32 t∫
t
2
∥∥f (·, s)∥∥2
Hr−1 ds
C3 exp
(−2Bθ 12 t)
+C4 exp
(−Bθ 12 t)t +C′C5t t∫
t
2
s
2(r−1)+3
2
∥∥f (·, s)∥∥2
Hr−1 ds.
Since we have assumed that lim supt↓0 t
2r+1
4 ‖f (·, t)‖Hr−1 < ∞, it follows that
lim sup
t↓0
t
2r+3
2
∥∥f (·, t)∥∥2
Hr
 C3.
This is the desired result. 
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This section devotes to proving the second part of Theorem 1.2. We need the following lem-
mas [6]:
Lemma 4.1. Let s  0, β > 0 and 0 < r < 1, then there exists a positive constant C(n, r,β) such
that
‖f − g‖Hs(Rn)  C(n, r,β)
[
d2(fˆ , gˆ)
](1−r)[‖f − g‖r
HM(Rn) + ‖f − g‖rHN(Rn)
]
,
where
M = s + 2(1 − r)
r
, N = M + (1 − r)(n+ β)
2r
.
Lemma 4.2. Let f (ξ) be a measurable function on Rn. Then for any k > 0 there is a positive
constant C(n, k) such that∫
Rn
∣∣f (ξ)∣∣dξ  C(n, k)( ∫
Rn
∣∣f (ξ)∣∣2 dξ) 2kn+4k( ∫
Rn
∣∣f (ξ)∣∣|ξ |2k dξ) nn+4k .
Proposition 4.3. For any initial datum f0(ξ) in the set of probability density with zero bulk
velocity and finite temperature, the unique solution f (ξ, t) to (1.1) converges exponentially to
the steady state f∞(ξ) in various norms as t → ∞. More precisely, for any s  0, and 0 < r < 1,
we have∥∥f (t)− f∞∥∥Hs(R3)  C˜ exp(−(1 − r)σ t), t  1, (4.1)
and ∥∥f (t)− f∞∥∥L1(R3)  C exp(−(1 − r)σ1t), t  1. (4.2)
Here C˜ = C˜(d2(fˆ0, fˆ∞),C2, f (1), f∞, s, r), C = C(d2(fˆ0, fˆ∞),C2, f (1), f∞, r), σ =
min{(1 − γ0)C1,C3} and σ1 = (4/7)σ .
Proof. Applying Lemma 4.1 with f = f (t), g = f∞ for t  1, we obtain∥∥f (t)− f∞∥∥Hs(R3) C(r,1)[d2(fˆ (t), fˆ∞)](1−r)
× [∥∥f (t)− f∞∥∥rHM(R3) + ∥∥f (t)− f∞∥∥rHN(R3)], t  1,
where
M = s + 2(1 − r)
r
, N = M + 2(1 − r)
r
.
Using Proposition 1.1(2), we have[
d2
(
fˆ (t), fˆ∞
)](1−r) max{[d2(fˆ0, fˆ∞)](1−r),C(1−r)2 } exp(−(1 − r)σ t), t  0,
where σ = min{(1 − γ0)C1,C3}. On the other hand, it follows from Proposition 3.3 that∥∥f (t)− f∞∥∥rHM(R3) + ∥∥f (t)− f∞∥∥rHN(R3)
max
{
C1(M),
∥∥f (1)∥∥
HM(R3)
}r + max{C1(N),∥∥f (1)∥∥HN(R3)}r
+ ‖f∞‖r M 3 + ‖f∞‖r N 3 , t  1.H (R ) H (R )
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where C˜ depends on d2(fˆ0, fˆ∞),C2, f (1), f∞, s and r ∈ (0,1). Hence (4.1) is proved.
In order to show (4.2), we apply Lemma 4.2 with n = 3 and k = 1. Then∥∥f (t)− f∞∥∥L1(R3) C(3,1)∥∥f (t)− f∞∥∥ 47L2(R3)[6θ ] 37 , t  1.
Inserting (4.1) with s = 0 into the above inequality, we obtain (4.2). 
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